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Pierre Gy, the inventor of the Theory of Sampling (TOS), pioneered applications of variography to understanding large-scale 
variability in process plants and process control from as early as the 1950s and devoted a major part of his TOS development 
period to this subject. The variogram allows one to identify sources of variability and provides valuable insight into correla-
tions between successive samples. Neglect or poor understanding of the data analytical capabilities of the variogram means 
that it has not been widely applied in process control until now, except in industry sectors which have embraced TOS (mining, 
cement and certain parts of the process industries) because of the overwhelming consequences of making wrong decisions 
when treating vast tonnages—the consequences of wrong decisions are simply too great. Failure to address stream hetero-
geneity means that conventional statistics and Statistical Process Control (SPC) too often fail to identify and distinguish the 
true sources of variability in a process stream. For each type of heterogeneity, there is a matching variety of process variabil-
ity. Although the method is powerful in terms of the insights one is able to gain in regard to plant performance and manage-
ment, examples of the application of this particular method have been suspiciously little notable in the literature.

The variogram
Any process stream or similar that are 
to be sampled should always first be 
subjected to a “variographic experiment”, 
the purpose of which is to tune in an 
optimised sampling frequency based 
on the increment size selected. The 
variographic experiment will also allow 
estimation of an optimal number of 
increments to be aggregated as compos-
ite samples. It is the responsibility of the 
sampler to come up with the best possi-
ble initial suggestion for the size of the 
increments to be used; obviously previ-
ous experience and knowledge regard-
ing the specific process at hand are of 
premium value in this endeavour.

In order to characterise a process 
stream, it is necessary to extract a certain 
number of increments, NU, to have 
these analysed in the laboratory and to 
conduct calculations based on the vari-
ographic master equation, Figures 1 and 
2. The total number of analytical results 
(stemming from the NU increments) 
must be between 60 and 100—it may 
well be larger (this is actually not such a 
harsh demand, when it is factored in that 
most of the variographic characterisations 
used extensively in science, technology 
and industry are usually realised based 
upon automated sampling). In general, 
it must not be smaller than 60, although 

very experienced operators occasionally 
cite the canonical number 42 (however, 
this is not recommended at large without 
considerable experience).

The sampling frequency used in the 
variographic experiment is either set by 
the process situation at hand (existing, 

proven knowledge), or it may be calcu-
lated as the total process interval under 
investigation divided by 60 (or 100). 
Often there are special circumstances 
that fix this issue, for example in the 
case where the variographic experiment 
is aimed at investigating a current situa-

Figure 1. Based on a relevant problem-dependent sampling frequency, 60–100 increments 
need to be extracted (completely TOS-correct). In the specific example shown here the sampling 
frequency is 2 min.
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tion, which has an already set sampling 
frequency. This may be defensible, or it 
may not—a matter that will be revealed 
by proper interpretation of the variogram 
results (lots of examples to follow in 
subsequent columns).

There may, thus, be many objectives 
behind a variographic characterisation 
but all involve deciding upon the most 
relevant sampling frequency from which 
to gain a maximum of insight (more on 
these initiating issues after a first familiar-
ity with the variographic experiment has 
been gained).

There is, thus, a minimum resolution 
limit associated with every variographic 
experiment; there can be no information 
gained at a scale less than the experi-
mental sampling rate (2 minutes in the 
example in Figure 1).

The distance between two data 
points is called the lag, j. The minimum 
distance between any two data points is 
termed Qmin. Any distance between pairs 
of data points, j, is always referred to 
the root Qmin, and will therefore always 
be a multiplum of Qmin [ j = 1, 2, 3, ..., 
NU – 1]. This allows use of a general lag 
parameter, j, which is independent of 
the particular measurement unit used. 
This general lag parameter is a most 
welcome feature, allowing comparison 
between variograms of any process, 
type, material etc. As shall be shown this 
makes comparative variographic analysis 
indispensable in process technology and 
process sampling.

It is often recommended to over-
sample for the purpose of the vari-
ographic experiment, but we shall 
temporarily set aside these initiating 
issues until after an initial familiarity with 
the variographic experiment has been 
gained. Thus, in Figure 1 the current 
sampling frequency was actually ~8 min, 
but it was decided to over sample by a 
factor of ×4, because there was a suspi-
cion that the current frequency was actu-
ally too high.

The primary job for variographic 
characterisation, Figures 3 and 4 is 
to express the variability of the set of 
NU analytical results. Remember that 
due diligence (TOS correctness) must 
always be observed regarding extrac-
tion of all increments (see previous 
column). Indeed, the same adherence 
to TOS’ principles is to be observed for 
all sub-sampling and sample prepara-
tion in the lab. On this basis, the only 
variability left is that between analyti-
cal results in the extension dimension 
(the process dimension). Thus, the 
variogram is a powerful characterisa-
tion of the longitudinal heterogeneity 
of the process interval under considera-
tion (all transverse heterogeneity w.r.t. 
the process translation direction has 
been covered, i.e. incorporated in each 
increment extracted). N.B. Although in 
a variographic experiment it is incre-
ments which are extracted, they are at 
first treated as fully competent samples 
in their individual, own right. The result 

of a variographic experiment may subse-
quently result in a certain number 
of increments being aggregated, see 
further below. This minor apparent 
ambiguity need not lead to confusion, 
however, as soon as the full role and 
function of a variographic characterisa-
tion is comprehended.

The variogram principle is to calcu-
late the sum of all squared differences 
between all pairs of data points with 
in-between spacing equal to the lag, 
j , as j spans the entire interval of inter-
est. Thus, the fundamental calculation is 
repeated for all j lags, i.e. [ j = 1, 2, 3, ..., 
NU – 1].

Figure 1 shows the spatial disposition 
of all possible pairs of data pairs as a 
function of the increasing lag [ j = 1, 2, 
3, ..., NU – 1].

The master equation returns one 
value, the variance V as a function of the 
lag, V( j ), i.e. there is calculated one vari-
ance measure corresponding to each 
lag. The variographic function thus char-
acterises the set of data (in the present 
process, a time series) by the variance of 
a set of squared deviations, “one scale at 
the time” [ j = 1, 2, 3, ..., NU – 1]. Plotting 
V( j ) [Y-axis] as a function of the lag j 
[X-axis] then produces the variogram, 
Figures 3 and 4.

There is an apparent ambiguity regard-
ing whether to express the variogram 
based on absolute concentration values, 
or recalculated as heterogeneity contri-
butions. Figure 2 shows both options, 
termed the absolute vs the relative vari-
ogram, respectively. This is a matter of no 
consequence, however, as the shape of 
the alternative variograms will be identi-
cal, with only the unit of measurements 
(and thus the unit on the Y-axis) differing. 
Every interpretation of both types of vari-
ograms will be identical. The advantage 
of using the relative variogram is signifi-
cant, however, as it allows direct compar-
ison of all variograms inter alia, including 
the levels and magnitudes of ranges, sills 
and nugget effects.

Based on the present and the preced-
ing two columns, we are now ready for 
the promised bonanza of real-world 
examples and case histories from which 
to learn of the powerful capabilities of 
variograhics.

Figure 2. Variogram master equation, expressed both in terms of analytical results, am, or alterna-
tively, in terms of the corresponding heterogeneity contributions hm (the latter was defined in an 
earlier column, but repeated here for easy reference).
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Figure 4 is a real world variogram from 
a technological process, from which 
several general issues can be learned. 
The sill is always considered as a kind of 
ceiling for the total variability across the 
full lag spectrum—technically, however, 

the sill is defined as the average variance 
for all lags. In well-prepared variograms 
with a sufficient number of increments, 
the range will usually only constitute a 
small number of lags, the average vari-
ance will occupy exactly this ceiling 

disposition (note that the ceiling will not 
cap the variability from above, but from 
below, being lowered somewhat by the 
smaller variance levels below the range, 
made especially clear in Figure 3).

As soon as the lag distance goes 
beyond the range, the particular vario-
gram in Figure 4 shows a tell-tale peri-
odic disposition with a period of ~30 
lags, or slightly higher. The process being 
characterised is the output of a mixing 
process which is supposed to have been 
fully mixed at this stage. The empirical 
evidence in Figure 4 is interesting in 
this context as it shows beyond doubt 
that this objective has not been met—
on the contrary there is solid evidence 
of a systematic compositional periodicity, 
which is an inheritance from inefficient 
mixing. This is a role model interpretation 
of a variogram. Were the mixing process 
fully efficient there would be no periodic-
ity observable in the output variogram.

There are many other potential gains 
to be had from proper interpretation of 
variograms, for example regarding the 
specific sill level and the magnitude of 
the nugget effect w.r.t. the sill level, all 
to be explored in the next columns. Stay 
tuned—this is where sampling becomes 
immensely powerful.

As always, should the reader have 
become seriously impatient, we end 
with a set of in-depth publications expos-
ing the features treated here more fully. 
Enjoy!

References
1. K. Engström and K.H. Esbensen, “Evaluation 

of sampling systems in iron ore concentrating 
and pelletizing processes – Quantification of 
Total Sampling Error (TSE) vs. process varia-
tion”, J. Mining Eng. in press (2017). https://
doi.org/10.1016/j.mineng.2017.07.008

2. E. Thisted and K.H. Esbensen, “Improvement 
practices in process industry – the link 
between process control, variography 
and measurement system analysis”, TOS 
forum 7, 20–29 (2017). doi: https://doi.
org/10.1255/tosf.97

3. E. Thisted, U. Thisted, O. Bøckman and 
K.H. Esbensen, “Variographic case study for 
designing, monitoring and optimizing indus-
trial measurement systems – the miss-
ing link in Lean and Six Sigma”, in Proc. 8th 
International Conference on Sampling and 
Blending, 9–11 May 2017, Perth, Australia, 
pp. 359–366 (2017). ISBN: 978 1 925100 
56 3

4. R.C.A. Minnitt and K.H. Esbensen, “Pierre 
Gy ’s development of the Theory of 
Sampling: a retrospective summary with a 

Figure 3. A generic variogram based on 80 increments. Real-world variogram. The lag axis of 
a variogram will always be of length NU / 2. This particular variogram shows a very small nugget 
effect (red horizontal line); the sill is marked with a blue line. The range is of the order of 22–23 
lags. Note that it is also known from earlier studies of longer duration than the present, that the 
sill corresponds to the level shown here; this is an example of bringing in full domain-specific 
knowledge and experience in “reading a variogram”.

Figure 4. An experimental variogram from a process of great significance in technology and 
industry, mixing. Note that the original data series is larger than 200 increments.

www.spectroscopyeurope.com
https://www.researchgate.net/publication/318676276_Evaluation_of_sampling_systems_in_iron_ore_concentrating_and_pelletizing_processes_-_Quantification_of_Total_Sampling_Error_TSE_vs_process_variation?_iepl%5BviewId%5D=gXUFrU80et2AL7BA0xqQ8MWD&_iepl%5BprofilePublicationItemVariant%5D=default&_iepl%5Bcontexts%5D%5B0%5D=prfpi&_iepl%5BtargetEntityId%5D=PB%3A318676276&_iepl%5BinteractionType%5D=publicationTitle
https://www.researchgate.net/publication/318676276_Evaluation_of_sampling_systems_in_iron_ore_concentrating_and_pelletizing_processes_-_Quantification_of_Total_Sampling_Error_TSE_vs_process_variation?_iepl%5BviewId%5D=gXUFrU80et2AL7BA0xqQ8MWD&_iepl%5BprofilePublicationItemVariant%5D=default&_iepl%5Bcontexts%5D%5B0%5D=prfpi&_iepl%5BtargetEntityId%5D=PB%3A318676276&_iepl%5BinteractionType%5D=publicationTitle
https://www.researchgate.net/publication/318676276_Evaluation_of_sampling_systems_in_iron_ore_concentrating_and_pelletizing_processes_-_Quantification_of_Total_Sampling_Error_TSE_vs_process_variation?_iepl%5BviewId%5D=gXUFrU80et2AL7BA0xqQ8MWD&_iepl%5BprofilePublicationItemVariant%5D=default&_iepl%5Bcontexts%5D%5B0%5D=prfpi&_iepl%5BtargetEntityId%5D=PB%3A318676276&_iepl%5BinteractionType%5D=publicationTitle
https://www.researchgate.net/publication/318676276_Evaluation_of_sampling_systems_in_iron_ore_concentrating_and_pelletizing_processes_-_Quantification_of_Total_Sampling_Error_TSE_vs_process_variation?_iepl%5BviewId%5D=gXUFrU80et2AL7BA0xqQ8MWD&_iepl%5BprofilePublicationItemVariant%5D=default&_iepl%5Bcontexts%5D%5B0%5D=prfpi&_iepl%5BtargetEntityId%5D=PB%3A318676276&_iepl%5BinteractionType%5D=publicationTitle
https://www.researchgate.net/publication/318676276_Evaluation_of_sampling_systems_in_iron_ore_concentrating_and_pelletizing_processes_-_Quantification_of_Total_Sampling_Error_TSE_vs_process_variation?_iepl%5BviewId%5D=gXUFrU80et2AL7BA0xqQ8MWD&_iepl%5BprofilePublicationItemVariant%5D=default&_iepl%5Bcontexts%5D%5B0%5D=prfpi&_iepl%5BtargetEntityId%5D=PB%3A318676276&_iepl%5BinteractionType%5D=publicationTitle
https://doi.org/10.1016/j.mineng.2017.07.008
https://doi.org/10.1016/j.mineng.2017.07.008
https://doi.org/10.1255/tosf.97
https://doi.org/10.1255/tosf.97


18 SPECTROSCOPYEUROPE

SAMPLING COLUMN

www.spectroscopyeurope.com

  VOL. 29 NO. 4 (2017)

didactic tutorial on quantitative sampling of 
one-dimensional lots”, TOS forum 7, 7–19 
(2017). https://doi.org/10.1255/tosf.96

5. K.H. Esbensen, A.D. Román-Ospino, A. 
Sanchez and R.J. Romañach, “Adequacy 
and verifiability of pharmaceutical mixtures 
and dose units by variographic analysis 
(Theory of Sampling) – A call for a regula-
tory paradigm shift”, Int. J. Pharmaceut. 499, 
156–174 (2016). https://doi.org/10.1016/j.
ijpharm.2015.12.038

6. K.H. Esbensen and R.J. Romañach, “Proper 
sampling, total measurement uncertainty, 
variographic analysis & fit-for-purpose 
acceptance levels for pharmaceutical mixing 
monitoring”, in Proceedings of the 7th 
International Conference on Sampling and 
Blending, 10–12 June, Bordeaux, TOS forum 
5, (2015). https://doi.org/10.1255/tosf.68

7. A. Sánchez-Paternina, A. Román-Ospino, C. 
Ortega-Zuñiga, B. Alvarado, K.H. Esbensen 
and R.J. Romañach, “When “homogeneity” 
is expected—Theory of Sampling in phar-
maceutical manufacturing”, in Proceedings 
of the 7th International Conference on 
Sampling and Blending , 10–12 June, 

Bordeaux, TOS forum 5, 67–70 (2015). 
https://doi.org/10.1255/tosf.61

8. Z. Kardanpour, O.S. Jacobsen and K.H. 
Esbensen, “Local versus field scale hetero-
geneity characterization – a challenge for 
representative field sampling in pollution 
studies”, Soil 1, 695–705 (2015). https://
doi.org/10.5194/soil-1-695-2015

9. H. Tellesbø and K.H. Esbensen, “Practical use 
of variography to find root causes to high 
variances in industrial production processes 
– I. Exclay (LECA)” in 6th World Conference 
on Sampling and Blending (WCSB6), 
Lima, Peru, 19–22 November 2013, pp. 
275-286. http://www.gecaminpublications.
com/articulos/wcsb613_c0605_telesbo.
pdf_4896205081.pdf

10. H. Tellesbø and K.H. Esbensen, “Practical use 
of variography to find root causes to high 
variances in industrial production processes 
– II. Premixed mortars”, in 6th World 
Conference on Sampling and Blending 
(WCSB6), Lima, Peru, 19–22 November 
2013, pp. 287–294. http://www.gecamin-
publications.com/ar ticulos/wcsb613_
c0606_telesbo.pdf_9420653199.pdf

11. K.H. Esbensen, C. Paoletti and P. Minkkinen, 
“Representative sampling of large kernel 
lots – I. Theory of Sampling and vario-
graphic analysis”, Trends Anal. Chem. 32, 
154–165 (2012). https://doi.org/10.1016/j. 
trac.2011.09.008

12. P. Minkkinen, K.H. Esbensen and C. Paoletti, 
“Representative sampling of large kernel 
lots – II. Application to soybean sampling 
for GMO control”, Trends Anal. Chem. 32, 
166–178 (2012). https://doi.org/10.1016/j.
trac.2011.12.001

13. K.H. Esbensen, C. Paoletti and P. Minkkinen, 
“Representative sampling of large kernel lots 
– III. General considerations on sampling 
heterogeneous foods”, Trends Anal. 
Chem. 32, 179–184 (2012). https://doi.
org/10.1016/j.trac.2011.12.002

14. F.F. Pitard, Pierre Gy’s Sampling Theory and 
Sampling Practice: Heterogeneity, Sampling 
Correctness and Statistical Process Control, 
2nd Edn. CRC Press (1993). ISBN: 0-8493-
8917-8

15. P. Gy, Sampling for Analytical Purposes, 
2nd Edn, Translated by A. Royle. John Wiley, 
Chichester (1999).

  

 

JSI—Journal of Spectral Imaging

Special Issue on “ Chemometrics in Hyperspectral Imaging”

JSI–Journal of Spectral Imaging is publishing a  Special Issue on “ Chemometrics in Hyperspectral Imaging”, 

Guest Edited by Paul Geladi and Hans Grahn.

This Special Issue will present a wide overview of chemometrics and of its use in  hyperspectral and spectral 

imaging. We welcome special  applications such as ultrasound, CT scan or MRI, digital  photography or any other 

special type of  imaging as long as it produces at least four image  variables. A requirement is of course that some 

kind of  chemometrics or statistics is part of the paper and we really welcome novel chemometrics models and 

 applications.

impublications.com/jsi-chemometrics
JSI–Journal of Spectral Imaging is an Open Access (OA) journal, which means that all papers published are freely 
available to read without subscription. For a limited period, JSI charges NO author fees of any kind.

JSI meets the highest standards for OA journals, so you can be assured that your paper will be reviewed fairly and 
thoroughly, and, once accepted, copy edited and published quickly. Further, we actively promote papers through 
indexing and abstracting services, social media and, where appropriate, press releases.

You can submit your own paper to JSI at papers.impublications.com. There is more information on publishing in 
JSI at impublications.com/jsi-authors

Read the latest papers at impublications.com/mjsi/jsi-vols.html

open access

www.spectroscopyeurope.com
https://doi.org/10.1255/tosf.96
https://doi.org/10.1016/j.ijpharm.2015.12.038
https://doi.org/10.1016/j.ijpharm.2015.12.038
https://doi.org/10.1255/tosf.68
https://doi.org/10.1255/tosf.61
https://doi.org/10.5194/soil-1-695-2015
https://doi.org/10.5194/soil-1-695-2015
http://www.gecaminpublications.com/articulos/wcsb613_c0605_telesbo.pdf_4896205081.pdf
http://www.gecaminpublications.com/articulos/wcsb613_c0605_telesbo.pdf_4896205081.pdf
http://www.gecaminpublications.com/articulos/wcsb613_c0605_telesbo.pdf_4896205081.pdf
http://www.gecaminpublications.com/articulos/wcsb613_c0606_telesbo.pdf_9420653199.pdf
http://www.gecaminpublications.com/articulos/wcsb613_c0606_telesbo.pdf_9420653199.pdf
http://www.gecaminpublications.com/articulos/wcsb613_c0606_telesbo.pdf_9420653199.pdf
https://doi.org/10.1016/j.trac.2011.09.008
https://doi.org/10.1016/j.trac.2011.09.008
https://doi.org/10.1016/j.trac.2011.12.001
https://doi.org/10.1016/j.trac.2011.12.001
https://doi.org/10.1016/j.trac.2011.12.002
https://doi.org/10.1016/j.trac.2011.12.002
https://www.impublications.com/mjsi/jsi-vols.html
http://impublications.com/jsi-chemometrics
https://papers.impublications.com
http://impublications.com/jsi-authors
http://impublications.com/mjsi/jsi-vols.html

